We construct a representative agent supporting regular equilibria in a stochastic economy with more than two agents. Then we give conditions for the existence of equilibria. In this way we extend the results of Cuoco and He (1994 ) .
Introduction.
The dynamic equilibrium problem in stochastic economies has been studied by many authors. Huang (1987) , Dumas (1989) and Karatzas, Lehoczky and Shreve (1990) have studied the complete markets case, whereas Cox, Ingersoll and Ross (1985) have worked with incomplete markets. In the case of complete markets, the util ity of the representative agent is constructed as a linear combina tion of individual utility functions using constant weights; in the case of incomplete markets that utility is assumed to be given exoge nously. When the markets are complete or the equilibrium allocation is Pareto-efficient, Negishi (1960) , Constantinides (1982) and Huang (1987) have shown that this type of aggregation is possible. Cuoco and He (1994) have shown that this aggregation is also possible for an economy with two agents, incomplete markets and whose repre sentative agent" s utility is given endogenously. They construct this utility as a linear combination of individual utility functions, but with weights represented by stochastic processes, they transform the equilibrium problem into the characterization of the weighting pro cesses. So the optimal policies can be obtained from the problem with the representative agent. In this paper we show how to carry out this aggregation when there are more than two agents in the economy.
The paper is organized as follows: in section 2 we introduce the stochastic economy; in section 3 we present the consumption problem and define a rational expectation equilibrium for our economy. In section 4 we characterize the optimal policies and in section 5 we present our main results, constructing the representative agent; in section 6 we analyze the existence of equilibria and in section 7 we present our conclusions. The last section consists of an appendix with some useful results.
Economy.
We consider a continuous-time economy at time interval [0, T] , with T < 00, there is a single perishable consumption good (the numeraire) and a financial market M consisting of n + 1 assets. The first will be called bond (riskless asset) and the remaining n will be called stocks (risky assets). The bond price and stock prices will be denoted by B(t) and Pi(t) (1 :S i :S n) . respectively. The evolution of these prices are modeled, respectively, by the following equations:
dB(t) = r(t)B(t)dt, B(O) = 1 ,
d
(1) dPi(t) = Pi (t)[bi(t)dt+ LO"ijdWj(t)], Pi(O) E (O,oo),\fi = 1, .. ,n.
(2)
These two processes are denominated in units of the consump tion good. In this economy the sources of risk are modelled by the independent components of a d-dimensional Brownian motion W(t) = (WI, ... , Wd)', 0 :S t :S T. With this interpretation O"ij models the instantaneous intensity in which the j source of risk influence the price of the i t h stock at time t. The Brownian motion W is defined on a given complete probability space (£1, F, P); we will denote by F = {F(t), O:S t:S T} the -augmentation' of the natural filtration generated by W :
l The augmented Brownian filtration F is defined by F( t )=a(Fw(t)uN), where N ={EC O:3GEF with E�G,P(G)=O} denotes the set of P-null events. It is well known that the augmented filtration is continuous and W is still a Brownian motion with respect to it (Karatzas and Shreve (1988) , Corollary 2.7.8 and Prop. 2.7.9).
The interest rate process {r (t) : 0 � t � T}, the vector process of appreciation rates {b(t) = (b1(t), ... , bn(t))',O � t � T}, and the matrix process of volatilities u(t) = {(Uij(t)) !';i'; n , !';;';d' 0 � t � T} will be referred to as the coefficients of the fi nancial market 9Jl:. We will assume that these coefficients are progressively measurable2 with respect to F and that they satisfy the condition :
with 11·11 the Euclidean norm.
The requirement that the coefficients r(t), b(t) and u(t) be pro gressively measurable with respect to F, essentially makes them functionals of the Brownian path { W (s), O � s � t} up to time t, Vt E [0, T]. This assumption avoids anticipation of the future, but allows for dependence on the past of the driving Brownian motion, or of the stock prices; both features are desirable.
All the agents in this economy are endowed with the same infor mation represented by F and they have the same beliefs represented by P. These agents are considered small investors (their decisions do not affect the market prices) and each of them will decide at each moment t E [0, T] : [O,TJ and F(t) 1. How much money (a,l1) he wants to invest. Where art) and l1(t) = (11 1 (t), ... , I1n(t))' denote the number of shares of bond and stocks, respectively.
2. what his cumulative consumption Crt) should be.
Of course these decisions must be made in a non-anticipative way, then C and (a, 11) must be adapted processes3• In order to know the feasible decision of our investor, let us characterize the consump tion space C by the set of adapted consumption rate process c with t J(lc(s)lds) < 00 for all t E [O,T] . The individual consumption sets o are subsets of the non-negative orthant C+ = {c E C : crt) :::: : 0 Vt}. In the security price processes, a is an exogenously given map, the interest rate process and the n-dimensional vector of appreciation rates will be determined endogenously in equilibrium. Now in order to rule out redundant securities we have our first assumption Assumption 1 The diffusion matrix a( t, w) is continuous in its first arguments and full row rank almost surely for all t E [0, T]. Now an admissible trading strategy for this investor must satisfy for all t E [0, T] the following equation
The set of admissible strategies will be denoted by 8. We con sider that there are a finite number K :::: : 2 of investors in the econ omy. The preference of each investor is characterized by the time additive, state-independent utility function
In order to solve the problem of maximizing the expected utility from consumption we will consider that for each agent k the set Ck of consumption processes satisfying Where x -= max(O, -x) and to solve the individual optimiza tion problem we need to impose some smooth properties on prefer ences, as the following assumption Assumption 2 The functions Ui (·, t) are strictly increasing, strictly concave and three times continuously differentiable on (0,00) for all t E [0, T]. Moreover, they satisfy the Inada's conditions lim Ukc(C, t) = 00 and lim Ukc(C, t) = 0, xW x_oo and there exist constants 8k E (0, 1) and 'Yk E (0,00) such that Finally, Uk( c, . ) is continuously differentiable on [0, T] with
for all c E (0, 00).
The condition (3) implies that derivative function Uk c (· , t) has a con tinuous and strictly decreasing inverse fk(·, t) mapping (0,00) onto itself. Condition (4) is technical and will be used to guaranteeing that certain integral functional can be differentiated under the integral sign. we could verify that the utility functions u(c, t) = g(t)log(c) and u(c,t) = g(t)�'�: with b > O, b =J 1 satisfy this condition.
Each investor k is endowed with an income process ek E C+, with ek =J 0. Now denoting The aggregate income process by "e", i.e.
we have the following Assumption 3 The process "e" is an Ito process,
for some continuous, adapted, bounded processes jJ., p. Moreover, there exist constants ° < e' :S e" such that e' :S e(t) :S e" 'it E [0, TJ,
In what follows we denote by £ = (D,F,F,P ,a, {uk,ek};;=l) the primitives for the above economy, and by P = (1", b) the parameters defining the security price process. We will refer to £ as the economy and to P as the price system.
Individual consumption.
Given a price system P each investor k chooses a consumption process Ck E Ck and an admissible strategy (ak, ek) E e, subject to
for all t E [0, T] and some lC E 1R+, where {Xk(t), 0::; t ::; T} de notes the wealth process. The equation (7) is the well known dynamic budget constraint: current wealth equals the trading gains, plus the cumulative income, minus the cumulative consumption. Now, since we allow investors to borrow against future income, we will need a liquidity constraint (equation (9)) in order to rule out default pos sibilities and to avoid arbitrage opportunities, such as the doubling strategies, we need a condition like equation (8), the sufficiency of this condition to rule out free lunches was proved by Dybvig and Huang (1989) .
Definition 1 Given the price system P, a consumption process Ck E C is said to be feasible from income ek if there exists an admissible trading strategy (ak, ek) E e such that (1)- (9) are satisfied. Then we said that (ak, ek) finances Ck· e will denote the set of feasible consumption processes for income ek given P by B(ek, P). Now, for any given price system P define the standardized risk premium process4
and the exponential process
with these two processes we have the admissible price system
Definition 2 A price system P = (r, b) is admissible if: a) the interest rates process satisfies
for all t E [0, TJ and there exists a constant Kl > 0 such that (13) b) the standardized risk premium process 7)0 of (10) c} there is a unique strong solution to the stochastic integral equation (2).
Condition a} ensures that bond price is well defi ned and bounded away from zero and condition b} is needed to ensure the existence of equivalent martingale measure5and to rule out arbitrage opportuni ties.
With this defi nition of admissible price system we can proceed to defi ne a equilibrum
Definition 3 A rational expectations equilibrium for the economy £ is an admissible price system P and a set {Ck' (Qk' Bk ) } of admissible consumption and trading strategies such that; In the literature, there exist results that characterize the optimal policies without applying dynamic programming (they didn't use any Markovian hypothesis). Instead they used martingale techniques.
5 An equivalent martingale measure is a probability Q which is equivalent to the original P, i.e. _ f t r( s )ds they have the same null events, and such that the discounted price process {e J o Ptlt�O is a martingale and a process {Xt} is said to be a {Ft} -martingale(submartingale, supermartin gale) if the following conditions are satisfied i) EIX,I<oo.
ii) E[X';'Fs J=Xs a.s. Vs9 (;:: ,:0; . respectively).
These results are due to Karatzas, Lehoczky and Shreve (1987) and Huang (1989,1991) in the case of complete markets and Karatzas, Lehoczky, Shreve and Xu (1991) and Cuoco (1997) in the case of incomplete markets. Now we review some of these results, which we will need later to state our main results.
First, suppose that markets are complete (n = d)6. In this case the problem of maximizing expected utility subject to the dynamic budget constraints (7)- (9) is equivalent to the problem of maximiz ing the expected utility subject to the single Arrow-Debreu budget constraint (15) where Zo is the density process for the unique equivalent mar tingale measure or risk-neutral probability; it is unique since markets are complete; its expression is given by equation (11) and the process H o O = "/(·)ZoO is the unique state-price density for the economy, in the sense that the value at time zero of any consumption process
Now, by Lagrangian theory, we know that if the optimal solution CkO to the k t h individual optimization problem exists, then it satisfies the first order condition
For some Lagrangian multiplier 'l/Jk such that (15) is satisfied as an equality.
6See Karatzas and Shreve (1998) .
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To obtain similar characterization in incomplete markets we need to generalize the definition of an equivalent martingale measure.
Definition 4 A probability measure Q on (n, F) is "locally equiva lent" to P if the restriction of Q to Ft is equivalent to the restriction of P to F t for all t E [0, TJ. A locally equivalent probability measure Q is said to be a locally equivalent martingale measure if Q is abso lutely continuous with respect to P and the discounted price process is a local martingale 7 under Q.
The set of locally equivalent martingale measures has an explicit structure. Let £,2 denote the set of adapted n-dimensional processes � such that for all t E [0, TJ and decompose £,2 in the two subspaces
where I denotes the Lebesgue measure on [0, TJ and R denotes the range. Now for each 1/ E K(cr) define where "Iv(t) = "10 + 1/(t), then the exponential process (17) is well defined and is a strictly positive continuous local martin gales. Now denote by N the set of v E K(a) for which the process Zv is a uniformly integrable martingale9• Notice that the set N is nonempty for any admissible price system P since (14) implies that o E N. This set will be very useful to understand how the equivalent martingale measures change in the presence of incomplete markets, as the following proposition shows Proof. See Cuoco and He (1994) . 0
Then it is easy to see that when markets are complete (n = d), v = 0 must hold (P x I). a.e. for all v E K(a) and then there is a unique locally equivalent martingale measure with density Zoo
The following lemma is a useful result that characterizes the state price densities using the locally equivalent martingale measures above. The first part is a consequence of Ito's lemma'o and equation (7). Then you have to use the fact that the expectation of a stochastic integral with respect to a Brownian motion is zero. Finally using (9) the result follows. For the converse see Theorem 1 in Cuoco (1997) .0
We will refer to (18) as the static budget constraint. The above lemma implies that our optimization problem can be reformulated as the maximization of expected utility subject to a sequence of bud get constraints associated with the densities Hv with v EN. Then we could expect that the utility gradients at the optimal policies be a positive linear combination of such Hv. Now by Ito's lemma we have that the set {Hv : v E N} is a convex set, then the utility gra dient of agent k at the optimal policy is proportional to a state-price lO See appendix.
density HVk with Vk EN, This implies that the solution of the indi vidual consumption problem for agent k coincides with the solution of the problem of maximizing expected utility over the consumption processes c E Ck satisfying the single budget constraint (20) The process Vk satisfying the above conditions is necessarily unique, since Hv(O) = 1, Vv E N, the corresponding process HVk has been defined as the minimax state-price density by He and Pear son (1991) , since it can be characterized as the solution of a dual minimization problem (see theorem 4 in the appendix). Karatzas, Lehoczky, Shreve and Xu (1991) interpret the minimax state-price density as the unique state price density that would prevail in an artificial market obtained by adding additional securities in such a way that the agent would not want to invest in them.
Remark.
Notice that in general the minimax state-price densities for the K agents will be different, unless the markets are complete or the allo cation is Pareto-efficient.
In analogy with (16) our solution is given by (21) Where ?j; k is the Lagrangian multiplier such that the constraint (20) is satisfied as an equality. We can formalize our intuition with the following result Theorem 1 Suppose that the consumption process CVk of (21) sat isfies the budget constraint in (20) as an equality for some ?j;k > 0, 
uk(l, t) -y :-s: max [ U k(C, t) -yc] = Uk(!k (y, t), t) -yfk( Y , t), (23)
c>o we obtain
the last inequality follows from (5), (13) and the martingale property of ZVk. Therefore CVk E Ck.
Now take an arbitrary C E B(ek' Pl. By concavity
Now taking expectation and x = 7/JkHvk' we have by the definition of 7/Jk we obtain
Now by lemma 1 we know that C satisfies (18). Then we obtain the last inequality in (25), i.e. CV k is optimal. To prove the last part, let (CXk, ek) be the trading strategy financing CVk and we will find the expression of the optimal wealth associated with this optimal policy. Let Xk(t) = cxk(t)B(t) + e�(t)p(t). Now from (7) and applying Ito's lemma we have 
M(t) -HVk(t)Xk(t) + J HVk (S)(CVk (S) -ek(s))ds o t = J HVk( S )(e � ( S)cr(S ) +Xk( S ) 7)�k ( S))dW (s) (28)
o from (13), (8) and the fact that Vk E N, we have that M(t) is uniformly integrable from below and from its representation as a stochastic integral, we have that it is a local martingale. Then from Fatou's lemma M(t) is a supermartingale, it implies
Also from (26) and (9), we have
Then it is a martingale". Now from (9) and E[Hvk (T)Xk(T)] = 0, we obtain With this defi nition in mind, in the next section, we will construct a representative agent.
Representative agent.
In this section we will construct a representative agent support ing a regular equilibrium (P, C l , ... , Ck), for our economy E, i.e. we will construct a utility function U such that (P, e) is a no-trade equi librium for the single-agent economy ((n, F, F, P), CT, U, e). Define the function U(C,A, t) : (0,00
We know that for each A E (O,oo) K fi xed, the function u is strictly increasing, concave and continuously differentiable in its fi rst argu ment; and satisfi es the Inada's condition (3) for all A E (O,oo) K and t E [0, TJ, these properties are easy to be verified, since they 
A.
Now we will show that any regular equilibrium of our economy can always be supported by a representative agent with the following state-dependent utility function
with u given by (30) and A being an adapted process.
for the economy E. Then there exists a continuous and adapted pro cess A such that the aggregate income process "e" maximizes U (c, A) over B (r;{:=1 ek, p) and the equilibrium policies (C 1 , .. , Ck) solve the representative agent's allocation problem in (30) Equilibrium in stochastic economies with incomplete financial markets
we obtained the first inequality from the definition of U and the market clearing condition, i.e. 2:;;; =1 Ck = e, the second one follows from the optimality of Ck and (24) and the last one from (35) and the market clearing condition above. Since (Cl' C2, . . , CK) were arbitraries we have
hence the optimality of e. Now, since in our model the first order conditions are necessary and sufficient; and by strictly concavity, we have a unique solution; if (Cl' . . , CK) is the solution of (30) then the first order condition where the second equality follows from the regularity of the equilib rium, the last equation implies (Cl ' . . , C K ) = (el ' .. , c K ).D
The following result shows how the risk tolerance coefficients are related in equilibrium
The representative agent's Arrow-Pratt coefficient of absolute risk tolerance at the aggregate consumption is the sum of the risk tolerance coefficients of each agent at their optimal consumption policies:
Proof uc(e(t), A(t), t)
ucc(e(t), A(t), t) Ucc(Ck(t), t) k=l
First, we have to differentiate (33) with respect to c and use (32).
Finally, by the second claim of the last proposition, we have that (Cl ' . . , C K ) solves the representative agent's allocation problem, then using the first order conditions we obtain the result. 0 6. Equilibrium.
In the last section we have constructed a representative agent for our economy E by using an adapted process A, now we will use this process to characterize the equilibrium of E. And finally we will give sufficient conditions for every process with such characterization to be an equilibrium.
By (17) 
And to facilitate the notation, let y denote the following operator
Then we have the following characterization Theorem 2 Suppose that (P, el, .. , eK) is a regular equilibrium for the economy E. Define the representative agent's utility and the pro cess A as in the Proposition 2. Then the equilibrium prices system P = (r, b) and consumption policies are given in terms of A by 90 r(t) = -yuc(e(t), A(t), t) + uct(e(t), A(t), t)uc(e(t) , A(t), t), (39)
u c (e(t), A(t), t)
And the minimax state-price densities of the K agents are related in equilibrium by
where L(t) = 1-a'(t)(a(t)a'(t))-l a(t) and I denotes de n x n identity matrix.
Proof
First, it is easy to see that (41) follows from Proposition 2 and (31). Now, since Al (t) = 1, we have Then by (37), we obtain duc(t) = -r(t)uc(t)dt + uC(t)7)�, (t)dW(t)
where we put uc(t) instead of uc(e(t), A(t), t) and the same will be done in the sequel. Now by Assumption 3 and (38) we know that e(t) and A(t) are Ito processes. Then applying Ito's lemma, we have duc(t) = (Quc(t) + Uct(t)) dt By matching the terms, we obtain
Then (39) follows from the first equality and by decomposing the second one, we obtain
. By the definition of Nand L, we have that the second terms in each member of the equation belong to K(o-) and by (10), we have that the first terms belong to 8(0-). By matching terms and using the definition of 7) 0 , we obtain
these two equations give us (40) and (42). 0
We have seen that the real interest rate is equal to minus the expected rate of growth of the representative agent's marginal util ity of consumption and the equilibrium excess rate of return on risky securities is proportional to the instantaneous conditional covariance between changes in consumption and security returns. These rela tions establish the Consumption based Capital Asset Pricing Model (CCAPM) of Breeden (1979) for our economy. However Breeden's result assumes Markovian equilibria and the existence of smooth so lutions for Bellman equations. Duffie and Zame (1989) and Karatzas, Lehoczky and Shreve (1990) obtained this CCAPM for complete markets, results with incomplete markets have been obtained by Grossman and Shiller (1982) and Back (1991) . Our results give suffi cient condition for the CCAPM to hold in equilibrium for incomplete markets. Now we will solve the following question: Provided that the process A satisfies (38) and (42) for some v = (V1' .. , Vk) E ( £ 2 ) K and appropriate initial condition A(O), when will a process such (39) (41) be an equilibrium for our economy E? To solve this question, let us change our variables: Ak(t) = ei3 k (t) with this, we guarantee Ak(t) E (0,00). By applying Ito's lemma, we obtain For a given process V1 E N, define the price system P v, by (39)-(40). Now, doing {3 = ({31 , .·, {3 K ), we could write the stochastic differential equations of S = (P, { 3) as follows dS(t) = bV1 (P(t), { 3(t) , t, w)dt + CTV1 (P(t), ( 3(t), t, w)dW(t) (43)
Since coefficients b V1 and CT v , are continuous in their first two arguments. By a theorem of stochastic differential equations" we know that the solution of (43) is unique and exists up to an explosion time depending on the initial condition ,6(0).
Now we respond our question
Theorem 3 Suppose that there exist ,6(0) E IR K , vl EN, and A satisfy (38) and (42) for some v = (Vl' .. , Vk) E ( £ 2 ) K such that (a) The equation (43) has a strong solution on [0, T] and
(b) for all k the consumption policy Ck of (41) is marketed for the price system PV 1 (c) the interest rate satisfy (13) IfVk E {2, .. , K}, E [ZVk (T )] = 1 and O" (th(t) ::0: 0, Vt E [0, T], then Vk EN, Vk E {2, .. , K} and the price system PV1 with the consump tion policies in (41) define a regular equilibrium for the economy E. Proof
To prove our theorem we will show that the consumption policies Ck of (41) satisfy the market clearing condition for goods. By (41) and (33), we obtain
Now to see the optimality of this consumption policies, observe that by Ito's lemma and the choice of PV 1:
Now by (42),we have
Now from (39) we obtain duc(t) = -r(t)uc(t)dt + uC(t)7J�, (t)dW(t) then uc(t) = uC(O)ZVl and since C1 is feasible, by theorem 1 we have that C1 is optimaL Now by applying u to (42), since uL = 0 and UV1 = 0, we obtain K I: U(t)(Vk(t» Ak(t)UCAk (t) = 0 k = 2 7. Conclusions.
We have shown that it is possible to construct a representative agent for a stochastic economy with incomplete markets and a finite number K of agents; with this representative agent we have analyzed the characterization and existence of equilibria. Many extensions of this model can be easily presented, as introducing jumps or dividends into asset prices. An interesting model considering restrictions on stock-market participation and using the same techniques of this paper is based on B&iak and Cuoco (1998) , who consider just two agents.
In order to make our model more realistic, the equilibria ana lyzed in this paper should be extended to models with market fric tions,(e.g. short-sale constraints, transactions cost), since Shreve and Xu (1992a,b) and Cvitanic and Karatzas (1996) considered that they can solve the optimal consumption and investment problem. For a methodology that solves the competitive equilibria of economies with dynamically incomplete markets and heterogeneous agents we refer the reader to Dumas and Maenhout (2002) .
A more difficult problem is the analysis of existence of equilibria that allow the agents to dishonor their commitments. Araujo, Mon teiro and Pascoa (1998) solve this problem in a discrete time setting and we would like to extend this result to continuous time setting in a future work, using the results presented in these papers.
Appendix.

Ito's Lemma
Suppose that {Wth2:o is a standard Brownian Motion and X is an Ito process, i.e. dXt = f.Ltdt + O"tdWt, and let f : (0,00) x [0, T] -> 1R be such that f E C2,1((0,00) x [O,T] ). Then the process yt = f(Xt, t), is an Ito process with (45) and then CVk is optimal for agent k and the optimal wealth process is given by XVk• In particular HVK identifies the minimax state-price density for agent k.
The next result is due to Cuoco and He (1994) and gives sufficient conditions for assumptions of the previous theorem to hold. 
